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Recently Hochstadt and Stephan [l] considered the equation 
d2y* W ---sin dt’ +y*=O 
dt’2 ( ) 
for small p. In a later paper Comstock [2] investigated the same equation 
for p very large. In both cases, the authors demonstrate the existence of a 
countable infinity of discrete nested limit cycles, as shown in Fig. 1, where the 
motion is depicted in the x, y plane defined by 
l y = siny - x 
ff=y 
(. -1). 
The change of variables y* = try, t’ = pt, E = p-2 has been used to obtain 
Eq* (1). 
In this communication we make a number of observations concerning 
Eq. (1) and several variants of that equation. We show that a simple variant of 
Eq. (1) (Eq. (3), below) possesses a nondenumerable set of periodic solutions, 
for all E. 
* This research was supported in part by a grant from the National Research 
Council, Ottawa, Canada, and in part by the Joint Services Electronics Program 
Contract DAAB-07-67-C-0199. 
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FIG. 1. Periodic solutions of Eq. (1) are shown here in the x, y plane. 
1. If we consider the motion described by Eq. (1) in reverse time, by 
setting t = - 7 and y = - Y (the latter substitution maintains clockwise 
motions in the X, Y plane) we obtain 
eY'= -sin Y-x, x’ = y (’ s $) . 
The characteristic curve x = sin y of Eq. (1) is replaced by x = - sin Y in 
Eq. (2). The arguments provided by the above authors lead us to conclude 
that a discrete set of nested limit cycles exists for Eq. (2). This countable 
infinity of periodic orbits is depicted in Fig. 2, in the x, Y plane. They are 
not the orbits investigated by Cornstock. Indeed, if these orbits are 
superimposed on the orbits of Fig. 1 (returning to the original variables of 
Eq. (1)) we obtain the phase portrait of Fig. 3, where the dashed curves are the 
limit cycles of Fig. 2. 
Although not mentioned by the above authors, we would expect that the 
limit cycles of Fig. 1 (shown solid in Fig. 3) are orbitally stable. In contrast, 
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FIG. 2. Periodic solutions of Eq. (2) FIG. 3. Periodic solutions of Eq. (1) 
are depicted in the x, Y plane. shown solid and Eq. (2), shown dashed. 
the dashed limit cycles of Fig. 3 would be orbitally stable in reverse time 7, 
hence unstable periodic solutions of Eq. (1). The separation of stable limit 
cycles by unstable limit cycles is to be expected assuming that no semistable 
periodic orbits intervene. The trajectories of Eq. (1) provide a mapping of 
the positive y axis onto itself. A solution beginning at (0, yO) will return to 
the positive y axis at (0, y,,‘) where the mapping y,,’ = T(y,-,) admits a count- 
able infinity of fixed points. We might expect this transformation to behave 
as indicated in Fig. 4 where Sr , Ss ,... are stable fixed points and U, , VI , 
u 2 ,a** are unstable fixed points (again assuming that no semistable periodic 
orbits exist). 
2. We now consider a modification of Eq. (l), viz., 
Ej=cosy-xx, R =y. (3) 
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FIG. 4. The possible transformation of ya to yO’ assuming no semistable periodic 
orbits exist. 
At first glance, one might expect, again, a countable infinity of discrete 
nested limit cycles (with perhaps a vertical shift corresponding to the phase 
shift of 7r/2 which changes sin y to cos y). This turns out not to be the case. 
In fact, one has the Theorem: A nondenumerable set of periodic solutions of 
Eq. (3) exists; these periodic orbits cover the X, y plane. 
We show this by first proving that any solution trajectory of Eq. (3) will 
intersect the y axis, and then show that the orbits described by Eq. (3) are 
symmetrical about the y axis, closed, hence periodic. 
Consider an arbitrary initial point (x0*, y,,*) in the X, y plane, as shown in 
Fig. 5. A solution trajectory starting at (x0*, ys*) will cross the contours 
I#@, y, c) = $ (x - 1)” + + ya - ca = 0 
(c a real constant) toward their interiors, for y > 0, since 
$=(x-1)~+Eyy=(X-l)y+y(cosy-x) 
= -y(l - cosy) < 0 
when y > 0. 
Similarly, the contours 
$b(x, y, c) = + (x + 1)2 + $ y” - c2 = 0 
are crossed toward their interiors, for y < 0, since 
$ = (x + 1) 3i + cyj = y(l + cos y) < 0 for y < 0. 
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FIG. 5. A solution trajectory shown in the x, y plane, and bounded by the ellipses 
a, Y> 4 = 0, rcl(x, Y, 4 = 0. 
The families of ellipses 4(x, y, c) = 0, $(x, y, c) = 0 thus “guide” solu- 
tions to the axes. (These families of contours can also serve as confining 
contours for Eq. (l).) 
Next we note that the motion in reverse time 7 = - t (with y = - Y) 
is governed by EY’ = cos Y - X, x’ = Y, the same equations as (3). Thus, 
the motions governed by (3) are symmetrical about the y axis. A solution 
beginning at (0, yJ, with y0 > 0, will intercept the negative y axis at 
(0, - yJ and return to the positive y axis at (0, yO), resulting in a closed, 
hence periodic, orbit. It is clear that by proper choice of yO, a periodic orbit 
can be made to pass through any point in the plane. There are an uncountable 
number of limit cycles. Q.E.D. 
Figure 6 shows typical limit cycles. The solid half of the limit cycles in 
Fig. 6 bears the same relationship to the characteristic curve x = cos y as to 
the solid limit cycles of Fig. 3. The dashed half corresponds in a sense to the 
dashed limit cycles of Fig. 3. However all limit cycles of Fig. 6 have neutral 
orbital stability: A perturbed motion continues as a neighboring periodic 
orbit-a small perturbation remains small but does not converge to zero. 
3. If we consider a continuous transition from Eq. (1) to Eq. (3), viz., 
cj = sin( y + 8) - X, R =y, (4) 
- 
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FIG. 6. Typical periodic solutions of Eq. (3) are shown. 
where 0 < 0 < a/2, then 0 = 0 results in Eq. (l), with a countable infinity 
of discrete nested limit cycles, and 0 = z-/2 gives Eq. (3) with a periodic 
orbit through every point in the plane. A natural question arises: At what 
value of 0 does the situation change ? A resonable conjecture is that 
0 < 0 < 7r/2 gives the situation pertaining to Eq. (l), and only 0 = 7r/2 gives 
the nondenumerable number of periodic orbits. We arrive at this conjecture 
as follows: 
As 8 increases from zero to n/2, we would expect the mapping T to change 
continuously from that shown in Fig. 4, to the line yO’ = y,, (the latter case 
implying that ally,, are fixed points). A natural way for this to occur is for the 
oscillatory deviation, T(y,) - y. , to decrease to zero as B increases to z-/2. 
This would imply that a countable infinity of fixed points (hence limit cycles) 
would exist for 0 < 6’ < 71.12, and at 0 = 31-12, the deviation T(y,) - y,, 
is identically zero, resulting in the situation of Eq. (3). 
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4. The next remark we make concerns the addition of a sinusoidal forcing 
term to a modification of Eq. (1). Even if sin y were replaced by a polynomial 
with a finite number of extrema, the existence of periodic subharmonic 
solutions is difficult to establish (see, for example, [3]). One simple case 
however is worth noting. The Chebyshev polynomial of order n, T,(y), has 
12 - 1 extrema of unit magnitude in - 1 < y < 1, and is defined by 
T,(cos 8) = cos n0. The equation & + T,(k) + x = cos(wt) does have a 
subharmonic solution, if n2/w2 = E, namely x = d/; sin(t/q/;). 
5. We treat, finally, an interesting variant of Eq. (3). 
Near y = 0 cos y * 1 - y2/2, hence an approximation to Eq. (3) for small 
y can be written as 63 = X - y2/2, X = - y, where X = - x + 1. We 
consider instead the similar (rotated) system, 
ej = y + x2 
-ji=-x, 
whose corresponding phase equation can be integrated exactly. The solution 
trajectories of Eq. (5) satisfy the equation, 
Some of these solution trajectories are shown in Fig. 7. 
Y 
FIG. 7. The solutions, Eq. (6), of Eq. (5) are shown for some different values of C. 
If C > 0 the solutions are not periodic, if - 42 < C < 0, periodic. 
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Again a nondenumerable set of periodic orbits exists; if - ~12 < C < 0 
the solutions are all periodic, and if C > 0 aperiodic. 
Although Mischenko [4] has studied the system 
d = F(x, y) (0 < E < 1) 
j = G&Y) 
(7) 
(which includes Eqs. (l)-(5) as special cases, x and F being n vectors, y and 
G being m vectors) and constructed a periodic solution for Eq. (7), his results 
are not directly applicable to Eqs. (l)-(4). Comstock [2] observed that a 
necessary hypothesis of Mischenko’s work is that the degenerate (c = 0) 
system corresponding to Eq. (7) have a well-defined solution, and that this 
hypothesis is not satisfied for Eq. (1). The solution of the degenerate version 
of Eq. (1) has discontinuities at all the peaks of the curve x = sin y. The 
degenerate solutions of Eqs. (2)-(4) behave in a similar fashion. 
The degenerate system corresponding to Eq. (5) is, however, 
y=-x2 
j=-x 
(8) 
and this system does have well-defined solutions. All motion is from left to 
right along the parabola y = - x2. Mischenko’s results are still not applicable 
to Eq. (5), for another hypothesis of his work is that an isolated degenerate 
periodic solution exist, a condition clearly violated in the present case. 
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